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$\Vert\cdot\Vert h^{\backslash }\backslash$ absolute norm $\Vert(|x|, |y|)\Vert=\Vert(x, y)\Vert(x, y\in \mathbb{R})$
$\Vert(1,0)\Vert=\Vert(0,1)\Vert=1$ normalize
$P_{p^{-}}$
$\Vert(x, y)\Vert_{p}=\{\begin{array}{ll}(|x|^{p}+|y|^{P})^{1/p}, if 1\leq p<\infty,\max\{|x|, |y|\}) if p=\infty\end{array}$
$\mathbb{R}^{2}$ absolute normalized norm $AN_{2}$
$[0,1]$ $\psi$
$\psi(0)=\psi(1)=1$ , niax$\{1-t, t\}\leq\psi(t)\leq 1(t\in[0,1])$
$\Psi_{2}$
$\psi(t)=\Vert(1-t, t)\Vert$ $(t\in[0,1])$
$\Vert(x, y)\Vert_{\psi}=\{\begin{array}{ll}(|x|+|y|)\psi(\frac{|y|}{|x|+|y|}), if (x, y)\neq(O, 0),0, if (x, y)=(O, 0)\end{array}$
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$AN_{2}$ $\Psi_{2}$ 1:1 $\ell_{p^{-}}$ $\Vert\cdot\Vert_{p}(1\leq p\leq\infty)$
$\psi_{p}$
$\psi_{\rho}(t)=\{\begin{array}{ll}((1-t)^{P}+t^{P})^{1/p}, if 1\leq p<\infty,\max\{1-t, t\}, if p=\infty\end{array}$
$AN_{2}$
$\Vert\cdot\Vert$ , $|$ ’ $\in AN_{2}\Rightarrow(1-\lambda)\Vert\cdot\Vert+\lambda\Vert\cdot\Vert’\in AN_{2}$ $(\lambda\in[0,1])$ .
$\psiarrow\Vert\cdot\Vert_{\psi}$
$(1-\lambda)\Vert\cdot\Vert\psi+\lambda\Vert\cdot\Vert_{\psi^{J=}}\Vert\cdot\Vert_{(1-\lambda)\psi+\lambda\psi’}$ $(\psi, \psi’\in\Psi_{2}, \lambda\in[0,1])$ .
$\Psi_{2}$ $AN_{2}$
$AN_{2}$ $\Vert$ . I $AN_{2}$ $\Vert\cdot\Vert=\frac{1}{2}(\Vert\cdot\Vert’+\Vert\cdot\Vert’’)$ ,
$\Vert\cdot\Vert’,$ $\Vert\cdot\Vert^{n}\in AN_{2}$ $\Vert\cdot\Vert’=\Vert\cdot\Vert’’$
3 $\cdot 4$ James Von Neumann-Jordan
2. $\Psi_{2}$ $AN_{2}$
$0 \leq\alpha\leq\frac{1}{2}\leq\beta\leq 1$ $( \alpha, \beta)\neq(\frac{1}{2}, \frac{1}{2})$
$\psi_{\alpha,\beta}(t)=\{\begin{array}{ll}1-t (t\in[0, \alpha])\frac{\alpha+\beta-1}{(j-\alpha}t+\frac{(j-2\alpha\beta}{\beta-\alpha} (t\in[\alpha, \beta])t (t\in[\beta, 1])\end{array}$
$( \alpha, \beta)=(\frac{1}{2}, \frac{1}{2})$ $\psi_{1/2,1/2}=\psi_{\infty}$ $\psi_{\alpha,\beta}$ $\Psi_{2}$ $\psi_{0,1}=\psi_{1}$
$\alpha=\frac{1}{2}$ $\beta=\frac{1}{2}$ $\psi_{\alpha,\beta}=\psi_{\infty}$ $\psi_{0,\beta}$ $\Vert\cdot\Vert_{\psi_{a,\beta}}$
$\Vert(x_{1}, x_{2})\Vert\psi_{\alpha,\beta}=\{\begin{array}{ll}|x_{1}| (|x_{2}|\leq\frac{\alpha}{1-\alpha}|x_{1}|)f(x_{1}, x_{2}) (\frac{\alpha}{1-\alpha}|x_{1}|<|x_{2}|, \frac{1-\beta}{\beta}|x_{2}|<|x_{1}|)|x_{2}| (|x_{1}|\leq\frac{1-\beta}{\beta}|x_{2}|),\end{array}$








(3) $\psi\in E$ .
(1) (2) (3) $\Rightarrow(2)$
(2) $\Rightarrow(3)$ 1
3. $(\mathbb{R}^{2}, \Vert\cdot\Vert\psi_{\alpha,\beta})$ Von Neumann-Jordan
34 $AN_{2}$ Von Neumann-Jordan James
Von Neumann-Jordan
Banach $(X, \Vert\cdot\Vert)$ von Neumann-Jordan (NJ )
$C_{NJ}((X, \Vert\cdot\Vert))=\sup\{\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{2(||x||^{2}+||y\Vert^{2})}|x,$$y\in X\backslash \{0\}\}$
$1\leq C_{NJ}(X)\leq 2$ $C_{NJ}(X)=1$ $X$
Hilbert $1\leq p\leq\infty$ $P$ $C_{NJ}(L_{p})=$
$2 \frac{2}{mi_{I1}\{p,q\}}1$
$( \frac{1}{p}+\frac{1}{q}=1, \dim L_{p}\geq 2)$ $X$ uniformly non-
square $C_{/N.J}(X)<2$ $X$
uniformly non-square $\Vert(x-y)/2\Vert\geq 1-\delta,$ $\Vert x\Vert\leq 1,$ $\Vert y\Vert\leq 1$
$\Vert(x+y)/2\Vert\leq 1-\delta$ $\delta>0$ $AN_{2}$
$\psi\in\Psi_{2},\overline{\psi|}(t)=\psi(1-t)$ $(t\in[0,1])$
$C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))=C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))$ NJ $\psi$
Proposition 3.1 ([10]). $\psi_{2}\leq\psi\in\Psi_{2}$ $($ resp. $\psi_{2}\geq\psi\in\Psi_{2})$




$\Vert(x, y)\Vert_{\psi}=\Vert(y, x)\Vert_{\psi}((x, y)\in \mathbb{R}^{2})$
Proposition 3.2 ([10]). $\psi\in\Psi_{2}$ $t= \frac{1}{2}$ $M_{1}=0^{\max_{\leq t\leq 1}\frac{\psi(t)}{\psi_{2}(t)}}$
$M_{2}=0 \leq\iota\leq m\prime ax_{1}\frac{\psi_{2}(t)}{\psi(t)}$ $t= \frac{1}{2}$
$C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))=M_{1}^{2}\Lambda’I_{2}^{2}$
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$C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))$ $\Psi_{2}$ Propo-
sition 3. 1
Theorem 3.1. $X=\{\psi\in\Psi_{2}|\psi\leq\psi_{2}\},$ $Y=\{\psi\in\Psi_{2}|\psi\geq\psi_{2}\}$
$X,$ $Y$ $\Psi_{2}$ $C_{NJ}(X, \Vert\cdot\Vert_{\psi})$ $\psi$
$X,$ $Y$
$C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{(1-\lambda)\psi+\lambda\psi’}))\leq(1-\lambda)C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))+\lambda C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi’}))$
$\psi,$ $\psi’\in X(\psi, \psi’\in Y)_{J}\lambda\in[0,1]$
$X_{-}\llcorner$ $\pi_{x}^{1}$ $(0, \infty)$
$\frac{1}{((1-\lambda)x+\lambda y)^{2}}\leq\frac{1-\lambda}{x^{2}}+\frac{\lambda}{y^{2}}$ $(x, y\in(0, \infty), \lambda\in[0,1])$
$\psi,$ $\psi’\in X$ Proposition 3.1
$C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{(1-\lambda)\psi+\lambda\psi’}))=0^{\max_{\leq t\leq 1}\frac{\psi_{2}(t)^{2}}{((1-\lambda)\psi(t)+\lambda\psi’(t))^{2}}}$
$\leq_{0}\max_{\leq t\leq 1}(\frac{\psi_{2}(t)^{2}(1-\lambda)}{\psi(t)^{2}}+\frac{\psi_{2}(t)^{2}\lambda}{\psi(t)^{2}})$
$\leq_{0}\max_{\leq t\leq 1}\frac{\psi_{2}(t)^{2}(1-\lambda)}{\psi(t)^{2}}+0^{\max_{\leq t\leq 1}\frac{\psi_{2}(t)^{2}\lambda}{\psi’(t)^{2}}}$
$=(1-\lambda)C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))+\lambda C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi’}))$ .
$Y$ $\frac{1}{x}\tau$ $x^{2}$




$C_{NJ}^{Y}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi_{1-\beta,\beta}}))=\{\begin{array}{ll}\frac{\beta^{2}+(1-\beta)^{2}}{\beta^{2}} (\beta\in[\frac{1}{2}, \frac{1}{\sqrt{2}}])2(\beta^{2}+(1-\beta)^{2}) (\beta\in[\frac{1}{\sqrt{2}},1]).\end{array}$




(3.1) $C_{NJ}((\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi_{\alpha,\beta}}))=\{\begin{array}{ll}\frac{\alpha^{2}+(1-\alpha)^{2}}{(1-\alpha)^{2}} (\alpha+\beta\geq 1)\frac{\beta^{2}+(1-\beta)^{2}}{\beta^{2}} (\alpha+\beta\leq 1).\end{array}$
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4. $(\mathbb{R}^{2}, \Vert\cdot\Vert_{\psi_{\alpha,\beta}})$ James
Banach $(X, I \Vert)$ James $J(X)$
$J(X)= \sup\{\min\{\Vert x+y\Vert, \Vert x-y\Vert\}|x, y\in X, \Vert x\Vert=\Vert y\Vert=1\}$
$\leq J(X)\leq 2$ $X$ Hilbert $J(X)=$
1 $\leq p\leq\infty$ $p$ $J(L_{p})=$




$\delta(\epsilon)$ modulus $\delta(\epsilon)=\inf\{1-\Vert\frac{x+y}{2}|||\Vert x\Vert=\Vert y\Vert=$
$1,$ $\Vert x-y\Vert\geq\epsilon\}$
$AN_{2}$ $\mathbb{R}^{2}$ NJ James
Proposition 4.1 ([5]). $\psi\in\Psi_{2}$ $t= \frac{1}{2}$
$J(( \mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))=\max$




Proposition 4.2 ([5]). $\psi\in\Psi_{2}$ $t= \frac{1}{2}$
(1) $\psi_{2}\leq\psi$ $\frac{\psi(t)}{\psi_{2}(t)}$ $t= \frac{1}{2}$
$J(( \mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))=2\psi(\frac{1}{2})$ .
(2) $\psi_{2}\geq\psi$ $\frac{\psi_{2}(t)}{\psi(t)}$ $t= \frac{1}{2}$
$J(( \mathbb{R}^{2}, \Vert\cdot\Vert_{\psi}))=\frac{1}{\psi(\frac{1}{2})}$ .
(3) $\beta\in[\frac{1}{2},1]$
$J((\mathbb{R}^{2}, ||\cdot\Vert_{\psi_{1-\beta}},\sim)=\{\begin{array}{ll}\frac{1}{\beta} (\beta\in[\frac{1}{2}, \frac{1}{\sqrt{2}}])2\beta (\beta\in[\frac{1}{\sqrt{2}},1]).\end{array}$







$\alpha$ $\beta$ A $(\alpha, \beta)=(1-$
$,$





(1) $\psi_{\alpha,\beta}$ (4.1) $\psi_{\alpha,\beta}(t)\leq\psi_{2}(t)$ $(t\in(0,1))$











Theorem 4.2. $\max\{\beta-\alpha, 2\beta-1\}\leq\alpha\beta$
(1) $0$) $\psi\in E_{\alpha,\beta}\}_{\llcorner}^{-}$ $J(( \mathbb{R}^{2}, \Vert\cdot\Vert\psi))=\frac{1}{\psi(\frac{1}{2})}$ .
(2) $E_{\alpha,\beta}$ $\Psi_{2}$ $E_{\alpha,\beta}\ni\psiarrow J((\mathbb{R}^{2}, ||\cdot\Vert_{\psi}))$ $E_{a,\beta}$
$\max\{\beta-\alpha, 2\beta-1\}\leq\alpha\beta$ $\alpha,$ $\beta$ $\frac{1}{2}$
$4\underline{3-}$12
$\sqrt{}$
-21 -$(1\mathbb{R}\tau 2,$ $J:\Vert\Vert_{\psi})$ $JarneslhR_{-}|\perp$ $2(2),Theom1/\psi(1/2)\text{ ^{}l_{\lrcorner}}\cdot$
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